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\ Abstract: In this paper we consider boundedness of some commutators of Riesz trans- 

' forms associated to Schrodinger operator P = — A + on M"-, n > 3. We assume that V{x) 
I ■ is non-zero, nonnegative, and belongs to Bq for some q > n/2. Let Ti = (—A + V)~^V, T2 = 

(-A + and Ta = (-A + V)-'^/^\7. We obtain that [b, Tj] {j = 1, 2, 3) are bounded 

CN i operators on U'(W^) when p ranges in a interval, where b E BMO(M"). Note that the kernel of 
Tj (j = 1, 2, 3) has no smoothness. 
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1 Introduction 



00 , Let P = —A + V{x) be the Schrodinger differential operator on M",n > 3. Throughout the 
paper we will assume that V{x) is a non-zero, nonnegative potential, and belongs to Bq for 
I some q > n/2. Let Tj {j = 1,2,3) be the Riesz transforms associated to Schrodinger operators, 
CN ■ namely, Ti = {-A + V)-^V, T2 = (-A + y)-V2yi/2 ^nd T3 = {-A + V)-^/^V. LP boundedness 
of Tj {j = 1, 2, 3) was widely studied([7], [8]). In this paper, we will discuss the boundedness 
O ; of the commutator operators [b, Tj] = bTj - Tjb {j = 1, 2, 3), where b € BMO(M"). 

A nonnegative locally L"^ integrable function V{x) on R" is said to belong to Bq {1 < q < 00), 



^ . if there exists C > such that the reverse Holder inequality 



holds for every ball B in 



Remark 1.1. By Holder inequality we can get that Bq^ C Bq,^, for Q'l > (72 > 1- One remarkable 
feature about the Bq class is that, if V £ Bq for some q > 1, then there exists e > 0, which 
depends only on n and the constant C in ([7p, such that V G ^g+e (Wi)- ^^'^ '^^^^ ^^^^ known 
that, ifV€ Bq, q > I, then V{x)dx is a doubling measure, namely for any r > 0, x & M", 

/ V{y)dy < Co / V{y)dy. (2) 

JB{x,2r) J B{x,r) 
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It was proved that if y € i?„, then T3 is a C alder on- Zygmund operator ([7]). According to 
the classical result of R.Coifman, R.Rochberg, and G.Weiss ([!]), [b, T3] is bounded on (1 < 
p < 00) in this case. So we restrict ourselves to the case that V Bq {n/2 < q < n), when 
considering [6, T3]. 

We recall that an operator T taking C^{R'^) into Lj^^{R'^) is called a Calderon-Zygmund 
operator if 

(a) T extends to a bounded linear operator on L^(i?"), 

(b) there exists a kernel K such that for every / € LJf (i?"), 

Tf{x)= K{x,y)f{y)dy a.e. on {suppf}", 

(c) the kernel K{x,y) satisfies the Calderon-Zygmund estimate 

\K{x,y)\<j^; (3) 
\K{x + h,y)-K{x,y)\<j^§^; (4) 
\K{x,y + h)-K{x,y)\<j;;§i^; (5) 

for x,y ^ i?", \h\ < ^^^^^ and for some 5 > 0. 

If T is a Calderon-Zygmund operator, h G BMO, the boundedness on every W {1 < p < 00) 
of [b,T] was first discovered by Coifman, Rochberg and Weiss ([I]). Later, Stromberg [3] gave 
a simple proof, adopting the idea of relating commutators with the sharp maximal operator of 
Fefferman and Stein. In both proof, the smoothness of the kernel (jl]) plays a key role. However, 
in our problem the kernel has no smoothness of this kind due to V . This difficulty can be 
overcome by our basic idea. We discover that the kernels have some other kind of smoothness. 

Definition 1.2. K(x,y) is said to satisfy H{m) for some m>\, if there exists a constant C > 0, 
such that, y I > 0, x,xo & M" with \x — xo\ < I, then 




\Kix,y)-K{xo,y)rdy] < C, (6) 

2'=«<[y-xo|<2*+li 




where 1/m' = 1 — 1/m. 



This kind of smoothness was not new. We find that the case m = 1 was given by Meyer ([5]). 
It's easily seen that if K{x,y) satisfies (jl]), then K{x,y) satisfies H{m) for every m > 1. By 
Holder inequality we can get that if K{x, y) satisfies H{m) for some m > 1, then y) satisfies 
H{t) for 1 < t < m. We now list some results concerning boundedness of Tj (j = 1,2,3), 
and refer the readers to [7] for further details. We will adopt the notation 1/p' = 1 — 1/p for 
p > 1 throughout the paper. 

Theorem 1.3 (Theorem 3.1, [^). Suppose V & Bq and q > n/2. Then, for q' < p < 00, 

\\{-A + V)-'Vf\<C4f\\j,. 
Theorem 1.4 (Theorem 5.10, [7J). Suppose V Bq and q > n/2. Then, for {2q)' < p < 00, 

(_A + y)-i/2yi/2_^ <C4f\\p. 
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Theorem 1.5 (Theorem 0.5, 0). Suppose V e Bq and ^ < q < n. Let (l/po) = (l/q) - (1/n). 
Then, for p'q < p < oo, 



— ^PWJ IIP" 
P 



The basic idea in [7] is that, to exploit a pointwise estimate of the kernel and the comparision 
to the kernel of classical Riesz transform. Generally, it is based on the following two basic facts. 
If V is large, then one expects the kernel itself has a good decay. On the other hand, if V is 
small, then it is close to the classical Riesz transform. In this paper, we adopt a different idea. 
Since we know that the kernel do not satisfy the C alder on- Zygmund estimate dH, we study how 
close it is. See Section 2. 

We will show that the kernels have very good smoothness with respect to the first variable of 
the following strong type. It is almost (jj]). There exists a constant C > and 5 > 0, such that, 
for some m > 1, V / > 0, x, € M"' with |x — xo| < then 

Y,2^\2H)^\f \K{x,y)-K{x,,y)rdy] <C. (7) 

^ \J 2H<\y^XQ\<2k+H J 

RecaU that Ti = (-A + VyW, T2 = (-A + F)-V2yi/2^ ^nd = (-A + V)'^/'^V. Now we 
state our main results. 

Theorem 1.6. Suppose V ^ Bq and q > n/2. Let b G BMO. Then, we have 

(i) If q' <p< 00, 

\\[b,T,]f\\,<cAH^mo ll/llp; 

(ii) If {2q)' <p<oo, 

||[6,T2]/||p<Cp||6||BMO II/IIp; 
(Hi) If p'q <p<oo, let {1/po) = (l/q) - (1/n), 

||[fe,T3]/||p<Cp||6||Bj^oll/llp- 

We know that Tf = V{-A + V)-'^, T^ = V^/^{-A + V)-^/^, and T^ = -V(-A + V)-^/^. 
By duality we can easily get that 

mTnfx<c,\\b\\ 

BMO 

\\[b,Tmp<Cp\\b\\^^o\\f\\p^ l<P<2g, 
\\[b,mf\\p<Cp\\b\\-^^o\\f\\p^ 1<P<P0. 

From Theorem 1 (i), we can get the result concerning second order Riesz transform. Let 
T4 = (-A + y)-iV2, then T| = \7^{-A + V)-^ Indeed, T4 = (-A + V)-^V^ = (-A + 
Vy^AA-^V^ = {I- (-A + V)V)^ = (/ - ri)5- We have 

Corollary 1.7. Suppose V £ Bq and q > n/2. Then 

\\[b,T,]f\\^<Cp\\b\\^^o\\f\\p, q'<P<oc, 

and 

\\[b,T:]fl<Cp\\b\\^^o\\f\\p, l<P<q- 
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For classical Riesz transform, the converse problem was also considered in [T]. This implies a 
new characterization of BMO. In this paper we also discuss the converse problem. Namely, if 
[6, T3] is bounded on L^, do we have b G BMO? The answer is negative for general V £ Bg. It 
is due to that, for some good V, the kernel of T3 is better than that of Riesz transform, which 
makes that the commutator can absorb mild singularity. We give a counterexample for V = 1. 
On the other hand, if imposing some integrability condition on V, we can have the converse. 

Throughout this paper, unless otherwise indicated, we will use C and c to denote constants, 
which are not necessarily the same at each occurrence. By A ^ B, we mean that there exist 
constants C > and c > 0, such that c < A/B < C. 

The paper is orgnized as following. In Section 2, we will give the estimates of the kernels 
Kj{j = 1, 2, 3) of the operators Tj. The proof of Theorem 1 is stated in Section 3. In Section 4, 
we discuss the converse problem. 



2 Estimate of the kernels 

This section is devoted to give the estimate of the kernels associated to Tj [j = 1,2,3) and 
denoted by Kj{x, y) (j = 1, 2, 3) respectively. Let T{x, y, r) denote the fundamental solution for 
the Schrodinger operator — A + +ir), r G M, and To{x,y,T) for the operator — A + ir, r G 
M. Clearly, r(x,y,r) = r{y,x,-T). 

For X G M" , the function m(x, V) is defined by 

1 . 1 



m{x, V) 



sup {r > : J B{x,r)V{y)dy < 1}. 



The function m{x, V) reflects the scale of V{x) essentially, but behaves better. It is deeply 
studied in [7], and will play a crucial role in our proof. We list some properties of m{x, V) here, 
and their proof can be found in [7j. 

Lemma 2.1 (Lemma 1.4, [7]). Assume V (z Bg for some q > n/2, then there exist C > 0, c > 
0, kQ > 0, such that, for any x, y in M", and < r < R < 00, 

(a) < m{x,V) < 00, 

(b) Ifh = j^^, then /^(^_^) V{y)dy = I, 

(c) m{x,V) r^m{y,V), if \x - y\ < ^(^^yy 

(d) m{y, V) < C{1 + \x — y\m{x, V), 

(e) m{y, V) > cm{x, V){1 + \x- y\m{x, \/)}-'=o/(i+A:o)^ 

(f) c{l + |x - y\m{y, y)}V{fco+i) < 1 + j^; _ y\m{x, V) < C{1 + \x - y\m{y, 
(9) Ibm yiy)dy < C {^t'"^-' ■ /^(,,^) Viy)dy. 

Estimating the kernels mainly relies on functional calculus and a pointwise estimate of r(x, y, r) 
that was given in [7|. 

Theorem 2.2 (Theorem 2.7, j7j). Suppose V G -Bn/2- Then, for any x,y G W\ r G M, and 
integer k > 0, 



r(x,y,r) < 



Cfc 



{1 + |T|V2|a; _ y\}k{i + rn{x, V)\x - yl}*^ \x - ' 
where Ck is a constant independent of x,y,T. 
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The next lemma is used to control the integration of y on a ball. 

Lemma 2.3. Suppose V € Bg for some q > n/2. Let N > log2 Co + 1, where Cq is the constant 
in Then for any xq G M", R> 0, 



1 



{l + m{xo,V)R}^ Jb 



Jb{xo,R) 



Proof. There exists a integer jo G Z such that 2^'^R < < 2^''~^^R. We will discuss in 

following two cases. 

Case 1: jo < 0. By Lemma and (b) of Lemma [2m we can get 



1 



{l + m{xo,V)R}^ JBi,„R) 
f 

B{xo,R) 



Vim 



1 

< (since N >\og2 Co). 



Case 2: jo > 0. By (b) and (g) of Lemma [2711 we can get 

^ / Vim 

JBixa.m 



{l + m{xo,V)R}^ JBixo,R) 
< [ Vim 



'B(xo,R) 

'B{xo,R) 



This completes the proof of Lemma 12.31 □ 

Before giving the estimate of the kernels, we still needs one lemma, which is proved in [7]. 

Lemma 2.4 (Lemma 4.6, [7]). Suppose V G -B^q, qQ> 1. Assume that — A'u + (Yix) + iT)u = 
in -B(xo, 2R) for some xq G M", ii > 0. Then 

(a) for X G Bixo,R), 

\Vuix)\<C sup \u\- [ I ^^^l-i dy + -f^ [ Wiy)\dy, 

B{xo,2R) JB{xo,2R)\x-yr ^ J B(xo,2R) 

(b) if in/2) <qo<n, let (1/t) = (1/go) - (1/n), ko > log^ Co + 1 

i/t 



if \Vu\*dx] < Ci?("/«')-2{l + i?m(xo,y)}''° sup 

\Jb(xo,R) J B(xo,2. 

Now we are ready to give the estimate of the kernels. 
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Lemma 2.5. Suppose V G Bg for some q > n/2. Then, there exists 5 > and for any integer 
k>0, 0<h< \x-y\/16, 

1^^^"'^)" - {i+mix%\x-y\r-\^^^-^^y^' 

\K,ix + h,y)-K.ix,y)\ < ^ _ ^^^k ' J^T^^V (9) 

Lemma 2.6. Suppose V ^ Bq for some q > n/2. Then, there exists 6 > and for any integer 
k>0,0<h<\x- y\/16, 

Lemma 2.7. Suppose V € Bg for some n/2 < q < n. Then, there exists 5 > and for any 

integer k>0,0<h<\x — y\/16, 

\K3ix,y)\ 



< 



< 



{l + m(x,F)|x-y|}'= i \J Biy,\x-y\) Iv - ^ \x-y\ 

\K3{x + h,y)- K3{x,y)\ 

Ck \h\' ( f V{0 , 1 



{l + m(x,F)|x-y|}'= \J Biy,\x-y\) Iv - ^l'"^ \x-y\ 



Remark 2.8. If V ^ Bn, then (jl]) follows immediately from (I13p . This can tell us how the 
kernel behave when V changes. However, we don't have similar result about the smoothness with 
respect to the second variable. 

Proof of Lemma \2.5[ We easily know that Ki{x,y) = T{x,y,0)V (y). It immediately follows 
from Theorem 12.21 that, for any x, y € M", 

- {l + mix,V)\x-y\}k ■ |x-y|«-2^(^)- 

For ([9]), fix X, y G M", and fix n/2 < qo < min(n, q), then we know V € Bg^. Let i? = ^^g^^ , 
1/t = 1/qo — 1/n, then 6 = 1 — n/t > and for any < h < ^, it follows from the embedding 
theorem of Morrey (see [3]) that 

|i^i(x + /i,y) -i^i(x,y)| 
< |r(x + /i,y,0)-r(x,y,0)|y(y) 



/ \\/,r{z,y,0)\'dz] V{y). 

Jb{x,R) J 
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and then using Lemma 12.41 we have 

\Ki{x + h,y)-Ki{x,y)\ 

< C|/i|i-("/*)i?("/«o)-2{l + i?m(x,y)}'^° sup \T{z,y,0)\V{y) 

zeB(x,2R) 

< + sup \T{z,y,0)\Viy) 

^ z€B{x,2R) 

< {1 . R^i.. V»- sup ^ ^ _ ^ ^^(.) 

l/ll*^ 1 1 

where we used (f) of Lemma |2. II m the last inequahty. □ 
Proof of Lemma \2. (A By functional calculus, we may write 

then we know that 

K2{x, y) = -^ f (-ir)-V2r(x, y, r)(iTy(y)i/2. (14) 

In order to estimate the integration, we claim that: For k > 2, then 

/ \r\-y'{l + lr|i/2|x - yir'^dr < (15) 
Jr \x-y\ 



In fact, we have 



[ |^|-l/2{l + |^|l/2j^_yj|-fc^^ 

Jr 

= if +[ ]\r\-yHl + \r\'/'\x-y\}-'dr 



< 



Ck 



\x-y\' 



Prom Theorem 12.21 and the estimate (jl5p . we immediately get (jlOp . For (jlip . fix x, y G M", 
and fix n/2 < go < min(n,(7), then we know V € Let R = ^^g^^ , 1/t = l/f/o — 1/?^) then 

6 = 1 — n/t > and for any < /i < we have 

|K2(a; + /i,y)-K2(x,y)| <^ / |r|-i/2|r(x + /i,y,r) - r(x,y,r)|dry(y)V2. (i6) 
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Similarly, it follows from the embedding theorem of Morrey and Lemma 12.41 that 
\T{x + h,y,T) - r(x,y,r)| 

< c|/i|^-("/*) ' 



([ \V,Tiz,y,T)fdz] 

\Jb{x,R) J 



< (:7|/i|i'("/*)i?("/5°)-2|i + ^^(^^y)|fco sup \T{z,y,T) 

z&B(x,2R) 



\h\^ 



< C^{l+i?m(x,F)}'=« sup |r(z,y,T) 

z&B{x,2R) 



< \h\' {l + |r|V2|^_y|}~^- 1 



\x — y\^ {I + m{y,V)\x — y\}^ \x — y\'^ ^ 



Hence, insert this to (1161). it follows from the estimate (1151) that 



\K2(x + h,y)-K2{x,y) \ < C, ^^t_,^s n ^ ( \n\ ^^^^^ ' 

\x — y\ {1 + m[y , V )\x — yW^ 

□ 

Proof of Lemma \2. 1\ By partial integral, we know that 

Kz{x, y) = ^ I (-zr)-i/2v,r(x, y, r)dT. (17) 

Fix X, y G M", Let = 1/t = 1/g - 1/n, 5 = n/g - 2 > 0, and for any < /i < f , we 

have 

\K3ix + h,y)-K3{x,y)\<^ [ \T\-^/''\Vyr{x + h,y,T) - Vyr{x,y,T)\dT. (18) 

Similarly, it follows from the imbedding theorem of Morrey and Lemma 12.41 that 

\Vyr{x + h,y,T)-VyT{x,y,T)\ (19) 



[ \\/,Vyr{z,y,T)fdz\ 



< C7|/ili-("/*)i?("/'?)-2{l + i?m(x,y)}'=" sup \VyT{z,y,T)\. 

zeB{x,2R) 

Since r(z,y, r) = r(y,z, — r), then VyT{z,y,T) = \/x^{y, z, —t). It follows from (a) of Lemma 
23] that 

sup \VyT{z,y,T)\ < sup |V^.r(y,2;,-r)| 

z£B{x,2R) z€B{x,2R) 

f viO 

< sup { sup \r{r],z,-T)\ ■ 7\^d£, 

zGB{x,2R) ■qeB(y,\y-z\/A) J B(y,\z~y\/2) W ~ 'i\ 

+ 1 — %^ I r(e,z,-T)dO- 

\y - ^1"+^ J B{y,\z-y\/2) 



Using the fact that |r/ — ~ |y — -zj, — ~ \y — z\ and \x — y\ ~ \y — z\, choosing ki sufficiently 
large, it follows from Theorem 12.21 and (f) of Lemma 12. II that 

sup \VyT{z,y,T)\ (20) 

z£B{x,2R) 

~ zmS2R){^ + \r\^^^\y-z\V'{^ + Hz,v)\y-z\}''^ ' \y-z\--^ JBiy,ix-y\) 



{1 + lr|i/2|y _ z\}''i{l + m{z,V)\y - \y 



z 



n-l 



9l [ 



< 

~ {1 + \t\^/'^\x -y\\'^{l + m{x,V)\x 

Ck 1 



{1 + |r|V2|a: - + m{x, V)\x - y\}^ \x - ' 

From the estimate and ([^U]) . we immediately get (fT^ . Inserting ([^n|) to (fT^ . we get that 



|Vj,r(x + /i,y,T) - V^r(x,y,r)| (21) 

Ck 



X - y\^ {1 + |r|V2|a; _ y\}k{i + rn{x, V)\x - y]}'^ 



|aJ - JB{y,\x-y\) \y " ^1""' 1^ " 2/1""' 



Inserting (|2ip to (jlSp . we get from the estimate ()15p that 
|i^3(a; + /i,y) -K3(x,y)| 
< cJhl I ( 1 / ^(0 , 



\x -y\^ {l + m{x,V)\x -y\}'' \\x - y\'^ ^ J B(y,\x-y\) \y - ^l"" \x - y\ 



□ 



3 Proof of main results 

We first discuss the problem for general operator Tf{x) = J K{x,y)f{y)dy. Later, we will 
specialize to Tj {j = 1,2,3). 

Proposition 3.1. Let m > 1, suppose T is bounded on for every p € {ml , oo), and K satisfies 
H{m), then V 5 G BMO, [6, T] is hounded on for every p G (m', oo), and 

\\[b,T]f\\^<Cp\\b\\ 

BMO \\J \\p ■ 

We adopt the idea of Stromberg (see ^). Recall that the sharp function of Fefferman-Stein is 
defined by 

Mi fix) = sup ^ / \f{y) - fsldy, (22) 

x€B |-D| Jb 

where /s = rgj f{y)dy, and the supremum is taken on all balls B with x G B. 
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Recall that BMO is defined by 

BMO(IR") = {/ € lL(M") : II/IIbmo = M^f < '^}- (23) 

oo 

Two basic facts about BMO may be in order. We use 2^B to denote the ball with the same 
center as B but with 2^ times radius. 

|/2^B -fB\<Cik + 1) II/IIbmo , for A; > 0. (24) 
The second one is due to John-Nirenberg. 

II/IIbmo ~ sup \f{y) - fBfdy^ , for any p>l. (25) 

Proposition 13.11 follows immediately from the following lemma and a theorem of Fefferman-Stein 
on sharp function. 

Lemma 3.2. Let T satisfies the same condition in Proposition 1[ Then Vs > m', there exists 
constant Cg > 0, such that V / E L}^^, b £ BMO 

Mi{[b, T]f){x) < Cs ||6||bmo {Ms{Tf){x) + M,(/)(x)}, (26) 

where Ms{f) = M(\f\^Y^^ and M is Hardy- Littlewood maximal function. 

Proof. Fix s > m', / € Lj^^, x G M", and fix a ball / = B{xq,1) with x (z I. We only need 
to control J = jr\ Ii\hT]f{y) - {[b,T]f)i\dy by the right side of ([MD- Let / = /i + /2, where 
fi = fX32i, f2 = f- fi. Then [b, T]f = [b - bi,T]f = (6 - bi)Tf - Tib - bi)fi - T{b - 6/)/2 ^ 
Mf + A2f + As/, and we get 

J < ^J'^\A,f{y)-{A^f)j\dy 

+^ ^ \A2f{y) - iA2f)i\dy + ^J^ \Asf{y) - {Asf)i\dy 
^ J1 + J2 + J3. 
Step 1. First we consider Ji. By Holder inequality and (j25p . 



Ji < ^J\Arf{y)\dy 

= ^jKb-bi)Tf{y)\dy 

< 2 (^-^J^\{b - bj)\^' dy^ (^l.J^\Tf{y)\^dy^ 

< 2\\b\\^^oMs{Tf){x). 
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Step 2. Second we consider J2. Fix si such that s > si > m', and let S2 = -^i^, then we have 
J2 < 2^J'^\A2fiy)\dy 

< 2l^-^J'^\A2fiy)rdyy' 

< ^^ii&ii BMO 

Ms{f){x). 

Step 3. Last we consider J3. Set c/ = i|^_a.g[>32i -^(^^O) ~ bf)f{z)dz, then we have that 

J3 < ^J^\A3f{y)-ci\dy. 

< 2^[\[ {Kiy,z)-Kixo,z)}{b{z)-bi)fiz)dz\dy 

\z—xo\>32l 



\I\ J I ' J\. 
1 



< 2^ / / |{K(y,z)-K(xo,z)}(6(z)-6/)/(^)|dzdy 

'/ J|2-:eo|>32« 



W\ I fll \{K{y,z) - Kixo,z)}ibiz) -bj)f{z)\dzdy. 



■ i^^^J2''l<\z~xo\<2''+^l 

From Holder's inequality, we get 



)l/m 

\ l/ra' 

\{b{z)-bi)f{z)r'dz\ dy 

/2'=«<|2-a;o|<2'=+i/ J 
00 / \ I/'" 

^ '^Tn I Y.\ I \K{y,z)-K{x^,z)rdz] {2Hr/^'k 

\M Jl ^r^\J2kl<\z-Xo\<2'' + H J 

\ 1/m' 

|(6(z)-6,)/(z)r'dz) 



(\ 1/m' 
/ |(6(z)-6,)/(z)r'dz 
J2fcZ<|2-xo|<2fe+i/ J 

^ ^'^pMt^/ |(6(z)-62'^+i/ + fe2^+i/-^/)/(^)r'd^ 

fe>5 k \ (2«/)" 7|2-a;o|<2fc+i« 



< Csupi(fc + 2)||fe||BMo^^«/(^) (&?/(l2 

< C\\b\\^^oMsf{x). 

This completes the proof of lemma 13.21 □ 
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Proof of Theorem \1.6l Now we begin to prove Theorem 11.61 Considering Remark ll.H we can 
assume q > ^,q' < p. We first prove (i). By Proposition 13.11 and Theorem 11.3^ it suffices to 
prove that Ki satisfies H{q) (see i^). From ©, we have 

\Ki{x,y)-Ki{xo,yWdy] 

2'=i<|y-xo|<2*+li J 

- (2^/)"--^ {1 + mix], V)2Hr /.(.,,,^.3, ""^'^''y"" 
< C ^ 



Thus, we can get 



oo / \ 1/9 

Vfc(2'=/)7 / \Ki{x,y)-K,{xo,y)\''dy] 



oo 



fc=5 \J2''l<\y-xo\<2''+H 

Ck 



fc=5 

For the proof of (ii). — It suffices to prove that K2 satisfies H{2q). From (lllj) . we have 

\ i/(2g) 

\K2{x,y)-K2{xo,y)\^'^dy] 

2'=i<|y-xo|<2'»+li J 

< r*.,, ' (nki\-n/(2q')+(n-2)/2 

< C-^(2^/)-"/(29)' 

hence, we get 

l/{2<?) 

li^2(x,y)-if2(xo,y)|'^d2/l 

'2'=Z<|j/-a'o|<2'=+i« 



00 / ^ \ 

VA;(2^0(^ / lK2(x,y)-if2(xo,y)|'^d2/ 

\ J2''Z<l«-a'nl<2'=+i« J 



k=5 
00 



C7fc 

7 

k=5 
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Last, we prove (iii). — It suffices to prove that satisfies H{pq). From (fT3|l . we have 

\K^{x,y)-K^{xo,y)rdy\ 



2fc«<|j/-a:o|<2'=+l« 



< Cn 

< Cn 



< Cn 



I' 


1 






I' 


1 






I' 


1 



(2fc;)n-i+5 {l + m{xo,V)2^l} 



;o,2'=+3/) 



+ 



I' 



(2fc/)(n/Po)+'5 



I' 



(2fc/)(n/p[,)+5 



< 



kj\n/q—2 



I' 



< C- 



(-2fe/)WPo)+<5- 
therefore, we get 



fc=5 
oo 



1/po 



VA:(2'0''« ( / |i^3(x,y)-i^3(xo,y)rdy 

'2fe/<|j/-xo|<2'=+i/ 



fc=5 ^ ^ 



4 The Converse Result 



□ 



This section is devoted to the converse problem. Recall that T3 = V(— A + F)"^/^ is the Riesz 
transform associated to Schrodinger operator. A natural problem is that whether the converse 
holds. Namely, if [^,23] is bounded on L^, do we have b € BMO? This is quite subtle. If 
y = 0, it reduces to the classical Riesz transform. However, for general V € Bq, the converse 
fails. Considering V = 1, which is in Bq for every q > 1, we have the following. 

Theorem 4.1. There exist a function b ^ BMO, such that [b,T3] is bounded on Lp' . 

Proof. Consider b = xj, we know that b ^ BMO. We have that, 

[b,n]f = x,Vi-A + _ v(-A + l)-^/\x,f). 

From Plancherel equality, we can get 



ll[^7^3]/||, 



[i+ey/^^) (1 + ^2)1/2 ^i-^^ 



(1 + ^2^1/2 j / 



< 



2 ■ 



□ 
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The converse example in Theorem 2 imphes that the assumption V E Bq is too weak, it 
can not guarantee the function b € BMO. However if we assume V satisfies some additional 
conditions, for example, if V is L'f intcgrable, then the converse could be true. Let T3 = 
(_A)V2(_A + then from = (-A)-V2v • T3, we know the results above also hold 

with T3 replaced by Tg. 

Theorem 4.2. // [b,T3], [b,T^] and fV2(_a)-V2 ig bounded on then b € BMO. 

Proof. Prom [6, Ts], [6, Tg] is bounded on L^, and 

[b,Ts] = [6,V(-A)-V2r^] = [6,V(-A)-V2]r^ + v(-A)-V2[fe,r^], 

we have [b, V(-A)-V2]r^ is bounded on L^. 

We claim that, [6, V(— A)"^/^] jg bounded on L^, which implies the theorem from the well 
known theorem of Coifman, Rochberg and Weiss. It suffices to prove that Tg has a converse 
bounded on L^. Note that T^'^ = (-A + Vy/^{-A)-^/^, and 



T^-^f = (-A + y)i/2(-A)-V2/ 

= (-A + y)-i/2(_A + y)(-A)-i/2/ 

= (_A + F)-V2(_A)V2j + (_A + v)-^/^V^/^V^/\-A)-y^f, 

Therefore, by using V^^'^{—A)~^^'^ is bounded on L^, we can easily get the conclusion of 
Theorem 3. □ 

Corollary 4.3. // [b,T3], [b,T^] is bounded on , and V e L''/'^f]Bq for q > n/2, then 
b e BMO. 

Proof, we only need to prove that V^^'^{—A)~^/'^ is bounded on L^. This follows directly from 
Holder inequality and fractional integration that. 



yV2(_A)-V2/ 



< C 



yi/2 



(-A)-V2/ 



2n/(n-2) 



< c 



1/2 
n/2 



2 • 



□ 
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